This work deals with twinlike models that support topological structures such as kinks, vortices and monopoles. We investigate the equations of motion and develop the first order framework to show how to build distinct models with the same solution and energy density, as required to make them twinlike models. We also investigate how the stability under small fluctuations behaves and introduce the conditions to get the same stability on general grounds. In particular, we study models that support kinks, vortices and monopoles in one, two, and three spatial dimensions, respectively.
I. INTRODUCTION
In high energy physics, topological defects are static solutions of the equations of motion that appear in a diversity of contexts [1, 2] . The simplest topological defects are kinks [3] , which appear in the presence of scalar fields in (1, 1) spacetime dimensions. They may also arise when a complex scalar field is minimally coupled with an Abelian gauge field in (1, 2) spacetime dimensions, and here they are called vortices [4] . Furthermore, one can study a theory in (1, 3) spacetime dimensions with scalar fields and non-Abelian gauge fields under the SU (2) symmetry to find monopoles [5, 6] .
The above topological structures appear in models that engender standard kinematics, but one can also deal with generalized models. An interesting example of this appeared in Ref. [7] in the context of Cosmology. Later, other generalized models were used to study the cosmic coincidence problem [8, 9] . These non-canonical models present different features as, for instance, the capacity of driving inflation without the presence of potential terms.
Along the same lines, other possibilities appeared in Refs. [10, 11] , in which defect structures were studied in models with generalized kinematics. Over the last years, similar generalizations have been studied in several papers [12] [13] [14] [15] [16] [17] [18] [19] , with distinct motivation.
As a particularly interesting issue, in Ref. [20] it was found that generalized models may support the same topological configurations as their standard counterparts. Since these models present the same solution, with the same energy density, they were called twinlike models. However, their linear stability spectra are not equal in general, except in some special cases discussed before in Refs. [21] [22] [23] . Since the work [20] , twinlike models for kinks have been studied by several authors [21] [22] [23] [24] [25] [26] [27] [28] . The cases of twinlike vortices and monopoles are more compli- * Electronic address: bazeia@fisica.ufpb.br † Electronic address: mam.matheus@gmail.com ‡ Electronic address: rmenezes@dce.ufpb.br cated, and only very recently an investigation on twinlike vortices has been carried out in Ref. [29] .
Generalized models of the form that we consider in this work have been studied in many other contexts, in particular as tachyon dynamics and condensation [30] [31] [32] [33] [34] [35] [36] , as tachyonic dark energy in cosmology [37] [38] [39] , as cosmological constraints on tachyon dark energy models [40] , as non-canonical fields in braneworld scenarios with an extra dimension of infinite extent [41, 42] , as the Eddington-Inspired Born-Infeld braneworld scenario [43] , in Born-Infeld/gravity correspondence [44] and in BornInfeld gravity [45] [46] [47] [48] [49] . They are also of current interest to study holographic entanglement entropy in Born-Infeld eletrodynamics [50] , and in other scenarios.
The purpose of this work is to study twinlike topological defects of the three distinct types mentioned above. We follow the natural order and start the investigation in the next Sec. II, where one reviews the basic properties of twinlike kinks, and add new results on their stability. In Sec. III we study twinlike vortices, and there one shows explicitly the conditions to make the generalized and canonical model become twins. Also, we investigate the stability and find conditions to have vortices with the same stability of the canonical case, up to a given order in the fluctuations. In Sec. IV we investigate the harder case of monopoles, exhibiting the general conditions for the existence of twinlike models having the same stability spectra. Finally, we present our comments and conclusions in Sec. V.
II. KINKS
The case of kinks is the simplest one, and we take the generalized action for a single real scalar field with the metric obeying η µν = diag(+, −). It has the form
with V (φ) being the potential and G(Z) describing an arbitrary function of Z, which is defined as
The standard case is obtained for G(Z) = 1 + Z, which gives the action
One can vary the action (1) with respect to the scalar field to get the equation of motion
with G Z = dG/dZ, V φ = dV /dφ, and so on. To search for kinklike solutions, we consider static configurations, that is, we take φ = φ(x). In this case, from Eq. (2) one gets X = −φ ′ 2 /2. The equation of motion (4) assumes the form
Here one takes the boundary conditions φ(±∞) = v ± , where v ± are minima of the potential, which is supposed to describe spontaneous symmetry breaking. Invariance under spacetime translations x µ → x ′ µ , with x ′ µ = x µ + a µ leads to the energy-momentum tensor T µν with components T 00 as the energy density and T 11 as the stress component. The energy density is given by
and, in the case of stressless solutions, the above Eq. (5) can be integrated to give the first order equation
By using the definition of Z in Eq. (2), we get
We emphasize that the above Eq. (8) is an algebraic equation for Z. As the action (1) shows, one has to make G(Z) explicit to define the model; thus, one uses G and G Z in (8) to solve it for Z. Since we are interested in real configurations, the solution of (8) has to be a real constant, which we call Z = c 2 , for convenience. This, combined with Eqs. (2), leads to the first order equation
Then, one can show that the solution is given by φ(x) = φ s (x), wherex = cx and φ s (x) is the solution for the standard case, with G = 1 + Z. From Eq. (6), we get the energy density
where ρ s (x) = 2V (φ s (x)), and the energy
where E s is the energy of the standard case. Thus, we see that the model presents the solution of the standard case if c = 1, and the energy density of the standard case if G(1) = 2. Also, we get G Z (1) = 1 from Eq. (8) . Then, the generalized models (1) 
A. Stability
We now study the stability of the twinlike solutions by considering fluctuations of the field in the model. We then write φ(x, t) = φ(x) + η(x, t) in the action (1) up to the second order in η(x, t). We are taking φ(x) as the static topological solutions of (9) . This makes X in Eq. (2) to assume the form X = X 0 + X 1 + X 2 , where X i contains the dependence of X in the i-th order of η, as given below:
(13) We only write the second order contribution of η in the action (1) because the first order terms vanishes with the use of the equation of motion (4) . It has the form
, where
In the standard case,
As one can see, the conditions (12) in Eq. (14) lead to
Thus, the above expression is not equal to Eq. (15) because the G ZZ terms do not vanish. However, if we want the contribution S (2) , which drives the stability of the system, to be equal to the one of the standard case up to second order in η, we have to impose an additional condition to G(Z), given by G ZZ (1) = 0.
If one consider contributions of η up to order N , the action (1) can be written as
where S (p) contains the p-th order contributions of η in the action. However, for the conditions c = 1, G(1) = 2 and G Z (1) = 1, these contributions are not equal to the one for the standard case. It is possible to show that S (p) becomes equal to the one of the standard case if all the derivatives from the second order up to the p-th order of G(Z) at Z = 1 are null, ie., for
This peculiar characteristic appears only for solutions whose stress component of the energy-momentum tensor is null, since this is the only case in which Eq. (8) holds. Note that the order of the expansion, N , informs how indistinguishable are the stability spectra of the two models, because the conditions (12) and (18) give the same solutions, energy densities and stability up to order N . If N increases, the models tend to present the same physical features, at least in the case concerning fluctuations around the static solution. Evidently, the maximum value of N which is allowed depends on the specific forms of V (φ) and G(Z) that are used to define the generalized model. We illustrate the general results with the standard model with G(Z) = 1 + Z, and the generalized model with
.. . For this generalized model one also gets from (8) that Z = 1 and G(1) = 2 and G Z (1) = 1. Thus, the above generalized model is twin of the standard model. Also, the generalized model has the very same stability behavior, until order N for N = k − 1 and k = 3, 4, ... .
III. VORTICES
Let us now consider the action for a gauge field and a complex scalar field in the (1, 2) flat spacetime, with metric η µν = diag(+, −, −). In this case, it is possible to extend the previous formalism and propose the action
with V being the potential and
and the overline stands for the complex conjugation. The standard case is obtained for G(Z) = 1 + Z, with action
The variation of the action (19) with respect to the fields ϕ and A µ gives the equations of motion
where the current is J µ = ie(φD µ ϕ − ϕD µ ϕ). In the case of static solutions, we can consider the gauge A 0 = 0 since the temporal component of Eq. (22b), which is Gauss' law for our model, is compatible with this condition. This makes the vortex electrically neutral since (J 0 = 0) and so it carries on electrical charge. We define B = −F 12 , which makes the functions X and Y in Eq. (20) become
The energy density is given by
We take the usual ansatz for vortices
where r and θ are polar coordinates and n the vortex winding number. The functions g(r) and a(r) must obey the boundary conditions
Here, v is the parameter associated to the symmetry breaking. With this ansatz, the functions X and Y in Eq. (23) becomes
where the prime denotes derivative with respect to r. Furthermore, the magnetic field assumes the form B = −F 12 = −a ′ /(er) and the magnetic flux Φ = 2π ∞ 0 rdrB(r) is quantized:
The equations of motion (22) with the ansatz (25) become
In the standard case, G = 1 + Z, the energy density from Eq. (24) is
If the potential is
the BPS formalism [51, 52] 
lead to the equations of motion (29) . Their analitical solutions are unkown. We can put these first order equations in the energy density (30) to get
One can integrate the above expression in the space and define the gradient and magnetic energy respectively as
To use these equations in the context of the action (19), we combine them with the expression for Y in Eq. (27) and use the definition of Z in Eq. (20) to get the equation
The issue here is similar to the one discussed for Eq. (8) in the previous section. This is an algebraic equation that must be solved for Z, and the solution is Z = constant, which we write as Z = c 4 , for convenience. We can use this in Eqs. (35) to get
One can show that the solutions of Eqs. (37) are a(r) = a s (r) and g(r) = g s (r), where a s and g s are the solutions of Eqs. (32) for the standard case andr = c r. We now check if Eqs. (37) are compatible with the equations of motion. After substituting (37) into (29), we get that
The above algebraic equation constrains the value of the constant c. Finally, Eqs. (35) with Eq. (27) allow us to write the energy density (24) in this case as
We integrate the above expression to get the energy E = E sg + 2E sm G Z c 2 , where E sg and E sm are the gradient and magnetic energies as in Eq. (34) for the standard model. Therefore, we see that c = 1 gives exactly the solutions of the standard case and G Z (1) = 1 gives exactly the standard energy density. Also, from Eq. (36) we get G(1) = 2. These conditions are all compatible with the constraint (38) . Thus, in summa, if the conditions c = 1, G(1) = 2, and G Z (1) = 1,
are satisfied, the class of models (19) and the standard model G(Z) = 1 + Z from Eq. (21) are twins. Although twinlike vortices were presented before in Ref. [28] , the above conditions are originally presented in the current work.
A. Stability
We now study the stability of the twinlike solutions by considering fluctuations of the scalar and gauge fields in our model. We then write ϕ( r, t) = ϕ( r) + η( r, t) and A µ ( r, t) = A µ ( r) + ξ µ ( r, t) in the action (19) up to the second order in η( r, t) and ξ µ ( r, t). The tilde stands for the static solutions of Eq. (35) . We only write the second order contribution in the action because the first order terms vanishes with the use of the equations of motion (22) . It has the form
Here, ℜ(z) represents the real part of z. The functions X i and Y i stand for the i-th order contributions of the fluctuations of the functions X and Y present in Eq. (20), whose expression may be written as X =
Since we are considering contributions up to second order in the fluctuations, we can neglect X 3 and X 4 in the expansion. The relevant terms are
For the standard case, G(Z) = 1+Z, we get from Eq. (41) that
By using the conditions (40) in Eq. (41) we get
Thus, the above expression it is not equal to Eq. (43) because the G ZZ terms do not vanish. This is similar to what happened for kinks in the previous section. If we want to have the same stability of the standard case up to second order in η and ξ µ , we have to impose the aditional condition G ZZ = 0. If one consider contributions of η and ξ µ up to order N , one has to take X 3 and X 4 in account and the action (19) can be written as
where S (p) contains the p-th order contributions of η and ξ µ in the action. However, for the conditions (40), these contributions are not equal to the one for the standard case. As was done in the previous section, it is possible to show that S (p) becomes equal to the one of the standard case if all the derivatives from the second order up to the p-th order of G(Z) at Z = 1 are null, ie., for
As in previous section, we remark here that the stability spectra of the models tend to become indistinguishable as N increases to larger and larger values.
IV. MONOPOLES
In this section, we start with the SU (2) Yang-MillsHiggs generalized action
where
Here, g is the coupling constant, the indices a, b, c = 1, 2, 3 stand for the SU (2) symmetry of the fields and the greek letters µ, ν = 0, 1, 2, 3 represent the spacetime indices. For convenience, we use the metric tensor as η µν = diag(−, +, +, +), which is different from the one used in the previous sections for kinks and vortices.
We note that the action (47) is now different, with the definitions (48) do not involving the potential V . The issue here is that in the case of monopoles, the standard model develops interesting topological structures in the absence of potential [51, 52] , so we had to work hard to build the above action, controlled by Eqs. (47) and (48) .
It is straightforward to show that G(Z) = 1 + Z gives the standard case with the action
The equations of motion associated to the action (47) are given by
We now work on static configurations with A a 0 = 0, since we want to study magnetic monopoles. We define B 
The energy density for the model under the above conditions is given by
We now take the usual ansatz for monopoles
with the boundary conditions
The parameter v is involved in the symmetry breaking which we suppose is present in the potential V . One can show that the equations of motion (50) assume the form
and the functions X and Y in Eqs. (51) become
In the standard case, G = 1 + Z, it is known from the BPS formalism [51, 52] that for V (|φ|) = 0, the equations of motion (55) can be integrated to give
whose solutions are known as
In this case, the energy density (52) is given by
The energy is given by E s = 4πv/g. One follows this route and sets V = 0 for a general G(Z). We find that the equations of motion (55) can be integrated to give the first order equations
for constant Z, without loss of generality. In fact, we use the above equations and Eqs. (56) to find the algebraic equation
which has to be solved for Z, as it also appeared before in the case of kinks and vortices. We set Z = c 2 , where c is a real parameter which is squared for convenience. This can be used into Eqs. (60), which assume the form
Thus, the solutions are K(r) = K s (r) and H(r) = cH s (r), where K s (r) and H s (r) are given by Eqs. (58). From Eq. (52), one can show that the energy density is given by
where ρ s is given as in Eq. (59). Thus, the energy is related to the one of the standard case, in the form 
are satisfied, the class of models (47) and the standard model G(Z) = 1 + Z are twinlike models.
A. Stability
We now study the stability of the twinlike solutions by considering fluctiations of the scalar and gauge fields in our model. We then write φ a ( r, t) = φ a ( r) + η a ( r, t) and A a µ ( r, t) = A a µ ( r) + ξ a µ ( r, t) in the action (47) up to the second order in η( r, t) and ξ µ ( r). The tilde stands for the solutions of Eqs. (55). We only write the second order contribution of the fluctuations in the action because the first order terms vanishes with the use of the equations of motion (50) . It has the form S (2) = d 4 xL (2) , where
The functions X i and Y i represent the i-th order contributions of the fluctuations of the functions X and Y present in Eq. (48), whose expression can be written as
Since we are considering contributions up to second order in the fluctuations, we can neglect X 3 , X 4 , Y 3 and Y 4 in the respective expansions. The relevant terms are
One can see that the potential V (|φ|) is present in Eq. (65). However, to get twin models we set V (|φ|) = 0. In this case, Eq. (65) simplifies to
For the standard case, G = 1 + Z, we have
By using the conditions (64) in Eq. (67) we get
which is not equal to Eq. (68), as in the cases of kinks and vortices studied in the previous sections. The result is similar: if we want to have the same stability of the standard case up to second order in η a and ξ a µ , we have to impose the additional condition G ZZ = 0.
If one consider contributions of η a and ξ a µ up to order N , one has to take X 3 , X 4 , Y 3 and Y 4 into account and the action (47) can be written as
where S (p) stand for the p-th order contributions of η a and ξ a µ in the action. However, for the conditions (64), these contributions are not equal to the one for the standard case. As was done in the previous sections, it is possible to show that S (p) becomes equal to the one of the standard case if all the derivatives from the second order up to the p-th order of G(Z) at Z = 1 are null, ie., for
Here, as done in the previous sections, the stability spectra of the models tend to become indistinguishable as N gets bigger and bigger.
V. COMMENTS AND CONCLUSIONS
In this work we have studied twinlike models, i.e., models described by distinct Lagrange densities, but having the same solutions and energy density. We investigated the cases of kinks, vortices and monopoles in two, three, and four spacetime dimensions, respectively. They arise in generalized models that obey similar conditions, although Z represents different quantities in each one of the three distinct cases. Another distinction appears in the energy density (39) for vortices, which assumes a dependence on the function G(Z) that is different from the two other cases of kinks (10) and monopoles (54).
Other interesting results concern stability of kinks, vortices and monopoles. We have investigated how the stability behaves in each case and have found conditions to get models having the stability spectrum as indistinguishable as we want.
Furthermore, it is worth commenting that, although we have investigated twinlike models when one considers the standard model and another one, generalized, it is possible to extend this formalism to find a generalized model which is twin to another generalized model. To illustrate this one considers the following action for vortices
with P (|ϕ|) being an arbitrary dimensionless function and X = |D µ ϕ| 2 . In this case, we inform that it is possible to find conditions that make the above generalized model twin to another generalized model, in the form
This line of investigation is part of another work, with focus on generalized twinlike models, with a generalized model being twin to another generalized model. As we have shown explicitly in this work, there are several examples of kinks, vortices and monopoles, which appear as solutions of standard and generalized theories that engender the same physical features, having the same stability spectra up to a given order N .
